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We investigate the non-Gaussian signatures of ultra slow-roll inflation. The bispectrum and the
trispectrum are calculated with general initial conditions. The trispectrum is of local shape, as
in the case of the bispectrum. We show that the prediction of local non-Gaussianity is robust
again generalizing the Bunch-Davies vacuum. The Suyama-Yamaguchi relation is saturated in this
scenario.
PACS numbers:
Inflation [1–3] generates remarkably Gaussian fluctuations [4]. While the departure from the Gaussianity plays
a key role in classifying inflation models [5, 6]. The non-Gaussianities generated in the primordial epoch can be
characterized by their shapes. For example, the local shape non-Gaussianity [7, 8] indicates large super-Hubble
interactions; equilateral [9] or orthogonal [10] shapes indicate modifications of the kinetic Lagrangian of the inflaton;
intermediate shapes [11, 12] are signs of existence for interacting sectors with energy scale of order Hubble; and a
folded shape [9] arises from modified initial conditions.
To relate inflationary models to observations, on the one hand, it is important to find out which model better fits
data. On the other hand, it is equally (if not more) important to be able to rule out classes of models, with general
assumptions. Consistency relations for non-Gaussianities are here in position for the ability to rule out models.
The best studied consistency relation for non-Gaussianity is the Maldacena’s squeezed limit [8, 13, 14]: In a 3-point
function 〈ζk1ζk2ζk3〉, when one of the mode has wavelength much greater than the other two (say, k1  k2 ' k3), at
the horizon crossing time of k2 and k3, the mode k1 is already super-Hubble and thus behaves as a shift of background.
For single field inflation, this shift of background can be characterized fully by a modified Hubble crossing time for
mode k2 and k3. As a result, the 3-point function 〈ζk1ζk2ζk3〉 can be calculated from the scale dependence of the
power spectrum as
lim
k1/k3→0
〈ζk1ζk2ζk3〉 = −(2pi)7δ3(k1 + k2 + k3)
P 2ζ
4k31k
3
3
(ns − 1) . (1)
This consistency relation can be understood as a no-go theorem, obstructing single field inflation to produce large
local non-Gaussianities.
However, no-go theorems are no better than their assumptions. When assuming the long wave length mode behaves
as a shift of background, one need to be careful about the differences between a long wave length mode and a shift of
background. The differences include:
• The long wave length mode exits the horizon at an earlier time during inflation. However, a shift of background
never exits the horizon. Thus initial correlations between k1 and k2, k3, if not suppressed in the k1/k2 → 0
limit, may provide a violation of the no-go theorem. There is indeed known counter example of this type: by
allowing non-Bunch-Davies initial conditions for inflation [9].
• The dynamics of the background scale factor is governed by the Friedmann equation, which is a first order
differential equation, with only one mode (i.e. only one integration constant). However, the long wave length
perturbation satisfies a second order differential equation, and thus has two modes. On inflationary background
typically one of the two perturbation modes decays exponentially. Thus only one constant mode is the leftover
and can be matched to a shift of background. However, counter examples are also be known of this type. For
example, in bouncing cosmology [15], the comoving curvature perturbation is growing on super-Hubble scales
and the consistency relation is violated.
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2Recently, it is noticed that the growing mode of comoving curvature perturbation can play a role during inflation
as well [16, 17]. This is because the comoving curvature perturbation satisfies the following equation of motion
(EoM):
ζ¨k + (3 + η)Hζ˙k +
c2sk
2
a2
ζk = 0 . (2)
Note that not only the Hubble friction 3H is present in the EoM, but there is also a term ηH multiplying ζ˙k.
In case that η < −3, the Hubble friction turns into a boost, and the conventionally decaying mode becomes
growing. The possibility of η < −3 can be realized by letting the inflaton climb up the potential using its kinetic
energy. It is shown that when η ' −6, the power spectrum is still nearly scale invariant. But the Maldacena’s
relation for non-Gaussianity (1) is violated. This scenario is dubbed as ultra slow-roll inflation. In [16, 17], a
standard kinetic term is considered and the local non-Gaussianity is still fNL ∼ 1. On the other hand, one can
consider the single field inflation with small sound speed [18]. In this specific model the local non-Gaussianity
is boosted into fNL ∼ 1/c2s.
In this paper we investigate in detail the ultra slow-roll inflation scenario in terms of general single field inflation.
Let’s start with the action
S =
1
2
∫
d4x
√−g [M2pR+ 2P (X,φ)] , (3)
where φ is the inflaton and X ≡ − 12gµν∂µφ∂νφ. The energy density of inflaton field is
ρ = 2XP,X − P, (4)
where P,X denotes the derivative with respect to X. The dynamics of the universe is govern by
H2 =
ρ
3M2p
, (5)
ρ˙ = −3H(ρ+ P ). (6)
For convenience, we introduce the sound speed cs as
c2s ≡
dP
dρ
=
P,X
P,X + 2XP,XX
, (7)
and slow-roll parameters
 = − H˙
H2
=
XP,X
M2pH
2
, (8)
η =
˙
H
. (9)
From the above two equations, we obtain
η = 2+
P,X +XP,XX
P,X
X˙
HX
+
P,Xφ
P,X
φ˙
H
. (10)
From Eq. (6),
1
c2s
X˙
HX
= −2XP,Xφ − P,φ
XP,X
φ˙
H
− 6 , (11)
and then
η = 2− 6 P,X +XP,XX
P,X + 2XPXX
+
−XPXP,Xφ + (P,X +XP,XX)P,φ
XP,X(P,X + 2XP,XX)
φ˙
H
. (12)
In the limit of cs  1, i.e. XP,XX  P,X ,
η ' 2− 3 +
(
− P,Xφ
2XP,XX
+
Pφ
2XP,X
)
φ˙
H
. (13)
3To calculate the perturbations, we decompose the metric as
ds2 = −N2dt2 + hij(dxi +N idt)(dxj +N jdt) , (14)
where for scalar perturbations, we have hij = a
2e2ζδij . After solving the constraints, the second order gravitational
action is
S =
∫
d3x dt M2p 
(
a3
c2s
ζ˙2 − a(∂ζ)2
)
. (15)
The linear perturbation can be solved and quantized as
ζk = ukak + u
∗
ka
†
−k , (16)
where uk satisfies the linearized equation of motion
u¨k + (3 + η)Hu˙k +
c2sk
2
a2
uk = 0 . (17)
When η < −3, the ζ field effectively lives in a contracting universe (although the real scale factor is expanding). Thus
the growing mode dominates over the constant mode. Here we shall focus on the case η ' −6, in which the density
perturbation has a nearly flat spectrum. The solution of (17) is
uk =
H
2Mp
√
icsk3
(τi
τ
)3
(−1− ikcsτ)e−ikcsτ . (18)
The power spectrum for density fluctuations can be calculated as
PR =
H2
8pi2M2p ics
(
τi
τe
)6
. (19)
Note that the kinetic energy of inflaton will eventually be used up and then inflation transits into the conventional
slow-roll era with |η|  1. The transition time would either correspond to comoving scales of CMB observations
(about the largest 10 e-folds of observable cosmological scales) or smaller scales. In case that the transition happens
at the CMB scales, extra features should be expected on the power spectrum, and one cannot trust the extremely
squeezed limit for non-Gaussianities. On the other hand, in order that this ultra slow-roll epoch lasts longer than 10
e-folds, one requires  to be exponentially decaying throughout this period. This results in inflation with very low
energy scales, H < 10 GeV.
For non-linear perturbations, we can alternatively work in the δφ-gauge, where the inflaton φ has fluctuation δφ,
on a spatially flat slice ζ = 0. After perturbing the action, we do a gauge transformation
ζk = −H
φ˙
δφk +O(δφ2) (20)
to go back to the ζ gauge. Note that the O(δφ2) terms do not contribute to the leading order expansion in the small
cs limit.
For the growing mode, the time derivative ζ˙k in the Hamiltonian is more important than the spatial derivative
(k/a)× ζk. Thus we can further neglect the spatial derivatives. As a result, the leading terms in the third order and
fourth order Hamiltonian are respectively [9, 19]
H3 = 2a
3λζ˙3
H3
= 2
M2p i
Hc2s
λ
Σ
(
τ
τi
)6
(ζ ′)3 , (21)
and
H4 = a
3
H4
(
−µ+ 9λ
2
Σ
)
ζ˙4 =
M2p i
aH2c2s
(
τ
τi
)6(
−µ
Σ
+ 9
λ2
Σ2
)
(ζ ′)4 . (22)
To calculate correlation functions, we insert the above interaction Hamiltonian into the in-in formalism. At first
and second order, the in-in formalism can be written as
〈Ω|Q(τ)|Ω〉1 = 2Im
∫ τ
τ0
dτ1〈0|QI(τ)HI(τ1)|0〉 , (23)
4〈Ω|Q(τ)|Ω〉2 =
∫ τ
τ0
dτ1
∫ τ
τ0
dτ2〈0|HI(τ1)QI(τ)HI(τ2)|0〉 − 2Re
∫ τ
τ0
dτ1
∫ τ1
τ0
dτ2〈0|QI(τ)HI(τ1)HI(τ2)|0〉 . (24)
Because of the growth of super-Hubble perturbations, the local shape dominates exponentially over the equilateral
shape. And the estimators of local shape non-Gaussianity can be calculated as
fNL =
15
2
λ
Σ
, gNL =
25
12
(
−µ
Σ
+ 9
λ2
Σ2
)
, τNL = 81
(
λ
Σ
)2
. (25)
Note that the Suyama-Yamaguchi relation [20] is saturated: τNL = (36/25)f
2
NL.
The contributions from the interaction Hamiltonian to those estimators are illustrated in Fig. 1.
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FIG. 1: The contributions to local shape non-Gaussian estimators fNL, gNL and τNL from the interaction Hamiltonian.
In the model of [18], λ/Σ = 1/(6c2s), and µ/Σ = 1/(12c
4
s). In this case the non-Gaussian estimators are
fNL =
5
4c2s
, gNL =
25
72c4s
, τNL =
9
4c4s
. (26)
One can check the robustness of the above results by considering alternative initial conditions. For this purpose, we
consider non-BD vacuum by modifying the mode function into
uk =
H
Mp
√
4icsk3
(τi
τ
)3 [
C+(−1− ikcsτ)e−ikcsτ + C−(−1 + ikcsτ)eikcsτ
]
. (27)
The consistency of creation annihilation operators commutation relation, with that between the field and conjugate
momentum, gives
|C+|2 − |C−|2 = 1 . (28)
The amplitude of primordial power spectrum is
PR =
H2
8pi2M2p ics
(
τi
τe
)6
|C+ + C−|2. (29)
At the level of non-Gaussianity, one can show that
〈ζk1ζk2ζk3〉 = (2pi)3δ(3)(k1 + k2 + k3)
9λ
Σ
(|C+|2 − |C−|2)(2pi2PR)2
∑3
i=1 k
3
i∏3
i=1 k
3
i
. (30)
In words, the correction to the three point function is completely written in terms of the correction of P 2R. All the
additional corrections can be regrouped into the factor |C+|2 − |C−|2 = 1. Therefore, we still have
fNL =
15
2
λ
Σ
. (31)
Similar conclusion holds for the trispectrum, that although the 4-point correlation is modified, the modification is
completely written in terms of P 3R, and the estimator gNL is not modified.
One should note that, as usual, the non-Bunch-Davies vacuum still generates a folded shape of non-Gaussianity.
However, the folded shape takes place at the horizon crossing time. Thus the contribution of the folded shape is
exponentially small compared with the local shape. Such a folded component in the shape function is not detectable,
given enough e-folds of growth for ζk.
5To conclude, we calculated the non-Gaussian estimators up to quartic order. The shape of the non-Gaussianity is
local and the Suyama-Yamaguchi relation is saturated. Non-Bunch-Davies initial conditions give correction to the
correlation functions, but without any change of shape or in terms of the non-Gaussian estimators.
There are some interesting questions yet to be addressed. For example, it is challenging to derive a generalized
consistency relation for single field inflation, which takes this growing mode into account. Also in case the ultra
slow-roll inflation period ends when the CMB scales exits the horizon, it is interesting to see what kind of features
are imprinted on the power spectrum, as well as to see the squeezed limit with k1 exits the horizon during the ultra
slow-roll stage and k2, k3 exits the horizon during the conventional slow roll stage. As another direction, a similar
calculation may be done for the generalized Galileons.
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